The multiple injection strategy has been widely used in diesel engines to reduce engine noise, NO x and soot formation. Fuel injection developments such as the common-rail and piezo-actuator system provide more precise control of the injection quantity and time under higher injection pressures. As various injection strategies become accessible, it is important to understand the interaction of each fuel stream and following combustion process under the multiple injection strategy. To investigate these complex processes quantitatively, numerical analysis using CFD is a good alternative to overcome the limitation of experiments. A modified 2-D flamelet model is further developed from previous work to model multi-fuel streams with higher accuracy. The model was validated under various engine operating conditions and captures the combustion and emissions characteristics as well as several parametric variations. The model is expected to be used to suggest advanced injection strategies in engine development processes.
Introduction
The diesel engine has been widely used because of its great torque and high thermal efficiency with direct injection under a higher compression ratio [1] . However, a high temperature region causes an increase in NO x emissions, and the inhomogeneous mixture field caused by the direct injected fuel produces soot emissions. In addition, the higher pressure rise rate during the combustion process increases the noise and vibrations, which can damage the engine. There have been many attempts to overcome these limitations for decades, such as the advanced combustion concept [2] [3] [4] and development of after-treatment system [5, 6] . The multiple injection strategy was additionally suggested as an alternative where a small amount of pilot injections can heat the combustion chamber and alter the turbulent mixing fields that affect the combustion of the main fuel stream and make mixture fields more homogenous [7] [8] [9] [10] . In this situation, development of injection technologies could facilitate more precise control of the injection rate and higher injection pressure [11, 12] . Development of the injection system is an ongoing process; hence, it provides more precise control of the fuel quantity with duration and has the potential to simultaneously reduce the emissions under the same torque.
To further improve the engine efficiency and emissions level using multiple injection strategies, it is important to understand the interaction of each fuel stream, which may include an effect of turbulent fields, and the combustion process that follows. Abundant fundamental research on the combustion and emissions behavior under multiple injection strategies exists [13] [14] [15] [16] [17] ; however, most of these studies were based on an experimental approach which has limitations in the quantitative analysis of in-cylinder phenomena.
are shown in Equations (1) and (2) . The scalar dissipation rates for each mixture fraction are defined by Equation (3) , where D is a scalar diffusive coefficient for each mixture fraction: 
To avoid numerical problems due to a non-square solution domain, new governing equations for species and temperature were derived where the solution coordinates of Equations (1) and (2) are transformed by introducing new parameters Z and y [22] , which are defined by Equations (4) and (5) 
Lim et al., introduced a modified description of the 2-D flamelet model to reduce the CPU time for solving the governing equation by simplifying the calculation process in quite rich and lean regions, i.e., Z > 0.08 for rich region and Z < 0.03 for lean region [24] . Their solution was replaced with the steady-state solution of 1-D flamelet equations where y = 0 if the specific condition is satisfied. To avoid a singularity problem at each borderline where Z = 0.033 and 0.08, the governing equation regarding the y-direction is solved as shown in Equations (6) and (7) 
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Each scalar dissipation rate conditioned at the stoichiometric mixture fraction was modeled by applying the presumed joint beta PDF of variable Z and y to the instantaneous scalar dissipation rates [22, 33, 34] :
To apply the flamelet approach in a RANS simulation, the conditioned scalar dissipation rate was averaged on the surface of the stoichiometric mixture, and input to the governing equations at each time step:χ
The scalar dissipation rates denoted in Equations (4)- (7) are defined by Equation (10), which was introduced by Girimaji et al. [35] , where a 1 and a 2 are determined by the scalar dissipation rate at the stoichiometric mixture fraction as described in Equation (8):
Further Modification of 2-D Flamelet Model
To be applied to the various strategies in engine conditions, the assumptions in the modified 2-D flamelet model are estimated, and another method is suggested in this section. Two conditions using dual injection strategies were selected for evaluation, i.e., one condition has a notably short dwell time, and the other condition is in the situation where a small amount of fuel mass is injected at both injection events.
Simulation results of temperature and NO emissions for each dwell time (100 µs, 400 µs) are provided in Figure 1 , where the pilot injection followed by the main injection are implemented with different dwell times in a simple 3-D domain. As the dwell time decreases, the flamelet solutions of the first fuel spray do not have time to reach steady-state before the start of the second injection, which may cause more discrepancies in the solutions than that of the original 2-D flamelet model. Figure 1a ,c show that the temperature and NO emissions results of the modified 2-D model are less than those of other models because the solutions in regions where Z < 0.033 and Z > 0.08 cannot be replaced with the steady-state solutions.
Problems are more significant when a small amount of fuel is injected twice at both injection events such as two-pilot injection under diesel engine conditions. If the ambient temperature is decreased with the EGR stream supplied, the steady-state solution of the first stream cannot replace the solution of rich and lean regions because the temperature cannot exceed 2000 K under some conditions, as depicted in Figure 2b . Additionally, the dwell time has significant effects on the combustion characteristics because the first fuel stream requires more time due to dummy species and lowered ambient temperature. As a result, the flame structures of the modified 2-D model are different from the original model, as shown in Figure 2a . To overcome these limitations, the flamelet solutions in the rich and lean regions are interpolated by each fuel stream at y = 0 and y = 1, respectively. Because mass and heat are transferred from the first fuel stream, where y = 0, to the second fuel stream where y = 1, it is more realistic to reflect the solutions of both fuel sides rather than to replace the steady-state 1-D flamelet solutions. Figures 1  and 2 show that the interpolation method is a good approximation which is more similar to the results of the original 2-D flamelet model than previous simplifications.
Collapse of 2-D Flamelet Solution
Felsch et al. [26] introduced a method of collapsing the 2-D flamelet solutions to mimic another fuel stream when there are more than three injection events. Because the 2-D flamelet approach theoretically resolves two fuel streams, 2-D flamelet solutions are collapsed into a solution with a single dimension just before the start of the third injection. The following solution is obtained from interpolating the 2-D flamelet solution at each fuel stream weighted by the mass fraction of each fuel mass, as shown in Equation (11) . This assumption is only valid when two fuels reach a nearly steady-state before the third injection so that the collapsed solution is similar to the previous state. Most of the operating conditions in the present study use multiple injection strategies satisfying those situations, as discussed later:
Linking with CFD Solver
The modified 2-D flamelet model developed in this research was linked with the solution of instantaneous flow field. First, the CFD solver provides pressure and mixture fraction information to calculate the scalar dissipation rate. Then, the flamelet model is used to solve the governing equations of species and temperature where the chemical database was obtained from the CHEMKIN library [36] . Resultant solutions were weighted by presumed joint-PDF distribution and returned to the CFD solver. The detailed calculation procedures are the same as those used in previous research [22, 26] .
Modeling Strategies for Diesel Engine Simulation
An overall calculation procedure of the model is presented in this section by combining the previous concepts. The modelling strategy for the case of quadruple injection is shown as an example and the application of the model is changed by four different periods as shown below:
1.
From the start of the first injection until the start of the second injection 2.
From the start of the second injection until two mixture fields are merged 3.
From the start of the merging of mixture fields until the start of the third injection 4.
Moment just before the third injection A multiple injection event begins with the start of the first injection. In this case, there is a single fuel stream which can be described using the conventional 1-D flamelet model (phase (1)). The 2-D flamelet approach is applied once the second fuel injection begins. Despite the fact that there are two fuel streams in the computational domain, the governing equations are not solved because a second fuel spray is physically separated from the existing fuel stream. Alternatively, two 1-D flamelet solutions relevant to each fuel stream are linearly interpolated in phase (2) . A newly developed modified 2-D flamelet model is applied when two mixture fields are considered merged, which can be determined by interaction parameter 'I' [22] as described in Equation (12) . When the third fuel injection starts, the instantaneous solution of the modified 2-D flamelet model is collapsed into a Energies 2017, 10, 1292 7 of 17 one-dimensional solution so another fuel spra is not faced. Phases (2)- (4) are repeated for the following injection:
Experimental and Simulation Setup

Experimental Setup
The experimental results were obtained using a light-duty diesel engine with 1.6 L of displacement volume equipped with a turbocharger and four cylinders. The compression ratio is 17.3 and further specifications of the test engine are listed in Table 1 . The engine test bed was attached to a 340 KW AC dynamometer (AVL, Graz, Austria) controlled under steady-state operation with a PUMA controller (AVL, Graz, Austria). NO emissions were measured by an exhaust gas analyzer (Mexa-7100DEGR, HORIBA Instruments, Kyoto, Japan). The fuel quantity was measured at the inlet and return fuel line with a fuel flowmeter (OVAL Corporation, Tokyo, Japan). Six operating conditions were chosen as the base conditions including various RPMs, loads, EGR rates and injection characteristics, as shown in Table 2 . Additionally, parametric studies on the injection timing, EGR rate, boost pressure and injection pressure were performed, as listed in Table 3 . Table 3 . Operating conditions for the parametric variations.
Case Details of Parametric Variations
3-I1
Injection timing ∆ = −4 CA from case 3 3-I2
Injection timing ∆ = +4 CA from case 3 5-P1 Injection pressure ∆ = −100 bar from case 5 5-P2
Injection pressure ∆ = +100 bar from case 5 5-E1 EGR rate ∆ = −8% (abs.) from case 5 5-E2 EGR rate ∆ = +8% (abs.) from case 5 6-B1
Boost pressure ∆ = −4% (rel.) from case 6 6-B2
Boost pressure ∆ = +4% (rel.) from case 6
Numerical Implementation
A k-ε RNG model [37] with a commercial CFD code (Version 4.22, Star-CD, CD-Adapco, Melville, NY, USA) was used to calculate the unsteady RANS equation using a 1/7 sector mesh with 20,000 cells at TDC and 70,000 cells at BDC, where the average cell spacing was chosen as 1 mm which was calculated by performing the grid-sensitivity analysis from 0.5 mm to 2 mm. A cyclic boundary condition was applied in the azimuthal direction, while a constant temperature boundary condition was applied in the other directions. A total of 61 grids were used to discretize the mixture fraction (Z) domain of the modified 2-D flamelet model with local refinement near the stoichiometric region, and a time step of 0.1 CA before injection and 0.05 CA after the injection.
n-Heptane was chosen to represent commercial diesel oil fuel, and the chemistry consisted of 29 species and 52 reactions [38] coupled with a NO x mechanism [39] . Each chemical species was solved by the governing equations and returned to the CFD solver to calculate the total change in enthalpy and RANS equation of following flow field.
Fuel injection was modeled using a Lagrangian approach where the fuel droplet is considered a group of liquid particles. This property was used for n-dodecane fuel, and the Reitz-diwakar model [40] was used for the spray breakup to the vapor phase of n-heptane. Unfortunately, the experimental data of spray visualization in the target engine could not be tested. Instead, the model was validated by comparing the vapor penetration length with the experimental results by Sandia National Laboratory ('Spray A standard', [41] ), as shown in Figure 3 .
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Numerical Implementation
n-Heptane was chosen to represent commercial diesel oil fuel, and the chemistry consisted of 29 species and 52 reactions [38] coupled with a NOx mechanism [39] . Each chemical species was solved by the governing equations and returned to the CFD solver to calculate the total change in enthalpy and RANS equation of following flow field.
Fuel injection was modeled using a Lagrangian approach where the fuel droplet is considered a group of liquid particles. This property was used for n-dodecane fuel, and the Reitz-diwakar model [40] was used for the spray breakup to the vapor phase of n-heptane. Unfortunately, the experimental data of spray visualization in the target engine could not be tested. Instead, the model was validated by comparing the vapor penetration length with the experimental results by Sandia National Laboratory ('Spray A standard', [41] ), as shown in Figure 3 . [40] was used for the spray breakup process. Mixture condition is non-reacting gas where oxygen concentration is zero, and the injection pressure is 1500 bar.
Results and Discussion
The results are divided into three main parts. In the first section, validation of the modified 2-D flamelet model under various operating conditions used in commercial diesel engines is presented. The second section discusses the simulation results under a parametric change of base conditions to show the robustness of the model. Based on the validation results of the modified 2-D flamelet model, effects of the advance injection strategies on both NOx and PM emissions are quantitatively [40] was used for the spray breakup process. Mixture condition is non-reacting gas where oxygen concentration is zero, and the injection pressure is 1500 bar.
The results are divided into three main parts. 
Validation of Modified 2-D Flamelet Model under Base Conditions
To evaluate the feasibility of the model, various operating conditions, including different RPM, loads, mixture conditions and injection strategies, were selected as base cases and validated with experiments. Figure 4 shows experimental and simulation results for the base conditions. The model captures the start of auto-ignition and the overall combustion phase for each injection. The NO emissions trends were well matched with experiments, although the quantitative values were less than those in the experiments. 
To evaluate the feasibility of the model, various operating conditions, including different RPM, loads, mixture conditions and injection strategies, were selected as base cases and validated with experiments. Figure 4 shows experimental and simulation results for the base conditions. The model captures the start of auto-ignition and the overall combustion phase for each injection. The NO emissions trends were well matched with experiments, although the quantitative values were less than those in the experiments. Meanwhile, the base condition results show that the assumption of the collapse method is valid under engine conditions as shown in Figure 5 . Because all the cases use two pilot injections before the start of the third stream, collapse of the instantaneous flamelet solutions may be possible when the second fuel stream reaches a steady-state solution at the time when the solutions are collapsed. The 2-D contour simulation results show that the solution of each fuel side (i.e., y = 0 and y = 1) has similar temperature profiles, and the solution following the collapse is similar to that of both solutions before the collapse.
Validation of Injection Parameter Variations
The robustness of the model should be investigated because it can be used for any type of development and optimization process for the engine system. A parametric study of the injection variable should be performed because the most noticeable feature of the modified 2-D flamelet model is to describe more than three fuel streams. Many injection parameters, such as injection timing, pressure, and duration, must be controlled during the engine experiments.
Injection timing and pressure were changed from case 3 and case 5 among the base conditions, as listed in Table 2 . The injection timing of all injection events, including pilot and post injections, was changed while the other parameters remained constant. Fuel mass and EGR rate had to change slightly because of the difficulty of controlling the other parameters as a constant simultaneously changing the injection pressure. Figure 6 shows the effect of changing the injection timing and pressure on the simulation results. Advancing the injection timing results in an earlier combustion phase and increased maximum pressure, which results in increased NO emissions. Meanwhile, increasing the injection pressure with similar fuel quantity results in the needle opening faster, which causes an earlier pressure rise, especially for the main fuel streams. The model captures these trends well regarding injection parameters, and the overall pressure histories are in good agreement with experimental results. Because all the cases use two pilot injections before the start of the third stream, collapse of the instantaneous flamelet solutions may be possible when the second fuel stream reaches a steady-state solution at the time when the solutions are collapsed. The 2-D contour simulation results show that the solution of each fuel side (i.e., y = 0 and y = 1) has similar temperature profiles, and the solution following the collapse is similar to that of both solutions before the collapse.
Injection timing and pressure were changed from case 3 and case 5 among the base conditions, as listed in Table 2 . The injection timing of all injection events, including pilot and post injections, was changed while the other parameters remained constant. Fuel mass and EGR rate had to change slightly because of the difficulty of controlling the other parameters as a constant simultaneously changing the injection pressure. Figure 6 shows the effect of changing the injection timing and pressure on the simulation results. Advancing the injection timing results in an earlier combustion phase and increased maximum pressure, which results in increased NO emissions. Meanwhile, increasing the injection pressure with similar fuel quantity results in the needle opening faster, which causes an earlier pressure rise, especially for the main fuel streams. The model captures these trends well regarding injection parameters, and the overall pressure histories are in good agreement with experimental results. 
Validation of in-Cylinder Mixture Variations
To validate the modified 2-D flamelet model under various ambient conditions, experiments were performed by varying the EGR rate. The two ways of changing the EGR rate in an engine are decreasing the mass of fresh air and increasing the boost pressure. Because the total mass entering the cylinder during the intake process is nearly constant in the same boost condition, the relative mass ratio of fresh air should be reduced to increase the EGR rate. This implies that the composition of trapped mass in the cylinder has changed while the ambient pressure and temperature remain constant. The other option is supplying more mass from the EGR stream by increasing the boost pressure while maintaining the mass of fresh air. Figure 7 shows the simulation results under changing in-cylinder mixture conditions. Incrementally increasing the EGR rate while maintaining boost pressure results in lower oxygen concentration and increases the temperature inside the cylinder, decreasing the cylinder pressure at the end of the compression stroke due to further heat transfer to the wall. Hence, it is difficult to autoignite the air-fuel mixture which delays the overall combustion phases. In contrast, these trends are not found in the case of constant air mass because the oxygen concentration does not vary, and the higher boost pressure compensates for these effects. The simulation results show decent agreement of these tendencies with the experimental data. 
To validate the modified 2-D flamelet model under various ambient conditions, experiments were performed by varying the EGR rate. The two ways of changing the EGR rate in an engine are decreasing the mass of fresh air and increasing the boost pressure. Because the total mass entering the cylinder during the intake process is nearly constant in the same boost condition, the relative mass ratio of fresh air should be reduced to increase the EGR rate. This implies that the composition of trapped mass in the cylinder has changed while the ambient pressure and temperature remain constant. The other option is supplying more mass from the EGR stream by increasing the boost pressure while maintaining the mass of fresh air. Figure 7 shows the simulation results under changing in-cylinder mixture conditions. Incrementally increasing the EGR rate while maintaining boost pressure results in lower oxygen concentration and increases the temperature inside the cylinder, decreasing the cylinder pressure at the end of the compression stroke due to further heat transfer to the wall. Hence, it is difficult to auto-ignite the air-fuel mixture which delays the overall combustion phases. In contrast, these trends are not found in the case of constant air mass because the oxygen concentration does not vary, and the higher boost pressure compensates for these effects. The simulation results show decent agreement of these tendencies with the experimental data. 
Numerical Analysis on the Effect of Injection Rate Shaping on Engine-Out Emissions
Using the modified 2-D flamelet model validated in Sections 4.2-4.4, advanced injection strategies are suggested to achieve both NO x and PM emissions reduction. First, the effects of injection rate shaping on the combustion and emissions characteristics are investigated. Injection rate shaping provides appropriate mixing conditions of fuel and air for increased efficiency and emissions reduction while injection pressure and duration are maintained [42] [43] [44] . Figure 8 shows the simulation result of combustion and emissions characteristics when implementing injection rate shaping and the varying the opening rate of the injector needle to change the injection rate. Both the pressure rise rate and the peak pressure increase and the combustion phase is advanced when the fast needle opening rate increases because more fuel is injected at the early stage of injection and a larger premixed area develops due to the increased penetration length. 
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Numerical Analyses on the Effect of Dwell Time on NO x and Soot Emissions
Dwell time is defined as the duration between the end of first injection and the start of the second injection. The effects of dwell time between the pilot and main injection are numerically investigated because it was known to affect the emissions characteristics [45] [46] [47] [48] . Figure 10 shows the time history of in-cylinder pressure and heat release rate according to the decrease in the dwell time between the pilot and main injection from case 5 (see Table 2 ) as a base condition. There are two pilot injections in the base condition, and only the injection timings of both pilot injections are delayed while the time between each pilot injection remains constant. The NO emissions are not significantly affected by the change of dwell time because the start of combustion by the main injection and the following combustion process are not significantly affected since the pilot-injected fuel was almost burned before the start of the main combustion. This is because the injection timing of pilot fuels is not advanced but retarded as shown in the simulation results in Figure 10 , where the combustibility of pilot fuels does not decrease. 
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Conclusions
The modified 2-D flamelet model was further improved for the simulation of combustion characteristics under various multi-fuel streams injected more than three different times. The governing equations, except near the stoichiometric region, were interpolated for each fuel stream where y = 0 and y = 1, which presented more accurate results with similar CPU time compared to previous simplifications of the modified 2-D flamelet model.
As discussed in the results section, the model predicts the combustion and emissions characteristics under implementation of multiple injection strategies including more than three injection events. In addition, the model showed successful results regardless of parametric variations to the base condition. Furthermore, a validated model was used to analyze the effect of changes in injection rate shaping and dwell time on both NO x and PM emissions, which demonstrated an example of the possibility of suggesting advanced injection strategies. The model is applicable for simulating commercial diesel engines using multiple injection strategies, and it can be used to develop advanced injection plans to provide engines with higher efficiency and lower emissions. 
